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ABSTRACT

There has been an increasing interest in single nanochannel ionic devices, such as ionic filters that control the type of transported ions and
ionic diodes that rectify the ionic flow. In this article, we theoretically investigate the importance of the dimensions, surface charge, electrolyte
concentration, and applied bias on nanopore performance. We compare numerical solutions of the Poisson, Nernst-Planck (PNP), and
Navier-Stokes (NS) equations with their one-dimensional, analytical approximations. We show that by decreasing the length of the nanopore,
the ionic current and ionic selectivity become affected by processes outside the nanochannel. The contribution of electroosmosis is noticeable,
especially for highly charged nanochannels, but is insignificant, justifying the use of the simple one-dimensional approximation in many
cases. Estimates for the critical electric field at which the nanopore selectivity decreases and the ion current starts to saturate are provided.

There has been increasing interest in constructing nanofluidic
systems that would control ionic and molecular transport in
aqueous solutions. Ionic filters based on artificial single/array
of nanochannels have been recently reported.1–3 Further
efforts led to the preparation of more complex devices such
as nanofluidic diodes4,5 and transistors6,7 based on single
nanochannels. A thorough theoretical description for such
nonlinear elements requires a suitable model to describe the
behavior of the simplest nanofluidic elementsa charged
nanochannel. Even though ionic transport through an array
of nanochannels (membrane) and through a single nanochan-
nel has been studied for years,8–15 a new surge of interest in
these systems has been stimulated by new effects observed
experimentally, such as the saturation of ionic current at low
electrolyte concentrations16 and nonlinear electrokinetic
flow.17 Additionally, new advances in the production of single
nanopores of tailored geometry and surface chemistry have
brought into reality new applications for nanopores.18

When the radius of a charged nanochannel is comparable
to the Debye length, the ions of the same charge as that of
the walls are expelled from the nanochannel and the electrical
current through the nanochannel is primarily carried by the
ions of opposite charge. Ion transport in these systems can
be described by the Poisson-Nernst-Planck (PNP) equa-
tions. Since an analytical solution to the nonlinear PNP
equations is not known even for the simple cylindrical
nanopore geometry, many researchers reserve their analyses
to numerical solutions as an exclusive method. We believe
that analytical approximations provide better insight into the
problem and present convenient recipes in designing nano-

fluidic elements. For this purpose, the one-dimensional (1D)
approximation of the PNP equations is very attractive,
because it offers analytical solutions and allows for a
relatively easy description of a given nanoporous system.
As we show below, the one-dimensional (1D) approximation
works exceptionally well in long nanopores but becomes
erroneous for shorter nanopores. In this Letter, we compare
numerical solutions of the 3D problem for ionic currents
through nanochannels of different dimensions and surface
properties with the analytical 1D approximations at different
biases. In particular, the range of applicability for the 1D
approximation, effects of electroosmosis and surface modi-
fication in the reservoirs are investigated and provide the
basis for understanding of more complex nanofluidic ele-
ments such as ionic diodes.

Formulation of the Problem. We consider a cylindrical
nanochannel of length L and radius a, as shown in Figure
1A. It has a constant surface charge σ, for which we neglect
the possibility of surface charge regulation, i.e., σ does not
depend on the channel radius or on the electrolyte concentra-
tion.19,20 At each opening, the nanochannel is connected to
a reservoir of KCl solution characterized by a bulk concen-
tration, Cbulk. We will restrict our consideration to cases with
equal concentrations of ions, Cbulk, on both sides of the
nanochannel, thus eliminating any contribution of osmosis.

At equilibrium, the electric potential, �, distribution inside
the channel is governed by the Poisson equation

ε0ε∇ 2�) e(C+-C-) (1)

where ε0 is the permittivity of vacuum, C+ and C- are the
ionic number densities (concentrations) of positive (K+) and
negative (Cl-) ions, respectively. The dielectric constant of
the solution is presumed not to vary within the channel or
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outside and equal to that of pure water, ε ) 80. We will
presume that continuum treatment, which neglects the sizes
of ions and solvent molecules, is applicable down to
dimensions of our interest. Then the flux, Ji, of each ion
species of charge zi (i ) + or -) is provided by the
Nernst-Planck (NP) equation, which combines the diffusion
due to a concentration gradient with the drift in an electric
potential gradient

Ji )-Di(∇ Ci +
zieCi

kBT
∇ �) (2)

Here kB is the Boltzmann constant, the diffusion coef-
ficients of both ions are assumed to be equal to D+ ) D- )
2 × 10-9 m2/s, and their mobilities are calculated as µ )
eD/kBT. The steady-state solution that we are interested in
satisfies the continuity equation

∇ · (Ciu+ Ji)) 0 (3)

where u is the velocity vector of the solution, which we will
presume to be incompressible

∇ · u) 0 (4)

The Navier-Stokes (NS) equation completes the set

u ∇ u) 1
F[- ∇ p+ ν∇ 2u- (C+-C-) ∇ �]) 0 (5)

where F is the mass density and ν is the viscosity of the
solution.Thiscompletesetofequations,Poisson,Nernst-Planck
(PNP), and Navier-Stokes (NS), or PNP-NS, is too
complicated for analytical treatment. It differs from a
truncated PNP version by including electroosmosis. We will
include the contribution from the electroosmotic current only

for comparison because even numerical solution of PNP-NS
is significantly more demanding. In those cases, the density
and viscosity of pure water, F ) 1000 kg/m3 and ν ) 1
mPa·s, were used. First, the electroosmosis will be neglected,
i.e., we will set u ) 0, which simplifies eq 3 to

∇ · (∇ Ci +
zieCi

kBT
∇ �)) 0 (3a)

The consequences of neglecting the electroosmotic contribu-
tion will be considered in the last section of the Letter.

The Poisson-Nernst-Planck (PNP) approximation is then
defined by the set of equations (eqs 1, 2, and 3a), together
with the boundary conditions for the continuity of �, Ci, and
their first derivatives everywhere except for the pore walls,
where

d�
dr |r)a

) σ
εε0

(6)

We will solve the PNP equations numerically for different
cases and compare with analytically solvable approximations
for those conditions.

For zero flux, eq 3a can be simplified, and upon recogni-
tionthatC)Cbulk for�)0,oneobtains thePoisson-Boltzmann
(PB) equations

{ ∇ C(

C(
) - ∇ �′

∆� ′ ) k2 sinh �′
(7)

Here we introduce the normalized (dimensionless) poten-
tial, �′ ) e�/kBT, and the inverse Debye length, k

k) [2e2Cbulk

ε0εkBT ]1⁄2

(8)

Both the PNP and PB equations use the mean-field
approximation, and one would anticipate their inaccuracy
for very narrow channels. However, it was demonstrated in
refs 21 and 22 that in channels with radii, a, larger than 1
nm, the results agree well with Brownian dynamics simula-
tions, suggesting that the accuracy of the continuous ap-
proximation is sufficient for a > 1 nm.

Unlike for the slit channel geometry,16,20 there is no
analytical solution to the PNP or PB equations in the
cylindrical geometry. However, when �′ is small, one can
linearize PB, which leads to the Debye-Huckel (DH)
approximation. The solution for a cylindrical capillary under
the DH approximation is well-known23 and is given by the
zero, I0, and the first, I1, order modified Bessel functions of
the first kind

�(r)) σ
ε0εk

I0(kr)

I1(ka)
(9)

Recently, Petsev and Lopez24 derived an approximate
analytical (PL) solution to the nonlinear PB equation for a
charged cylindrical capillary using the method of matched
asymptotic expansions. They found the results in reasonable
agreement with the exact numerical solutions for ka > 2,
and perfectly coincide for ka g 4, i.e., for large pores or
with high ionic strengths.

Figure 1. (A) A schematic of a cylindrical nanopore used in the
modeling: L is the pore length, a stands for the pore radius, and σ
is the surface charge density. The pore entrances are connected to
a cylindrical (1 µm radius × 1 µm height) reservoir on each side
containing Cbulk concentration of KCl. (B) Numerical solution of
the PNP equations (eqs 1 and 2): Concentration profiles of Cl-

(blue) and K+ (red) and the electric field component along the z
axis, Ez

0 (black); all values are given at the pore center (r ) 0).
The following parameters were used in the numerical calculations:
L ) 128 nm, a ) 4 nm, Cbulk ) 0.1M, σ ) -0.5e/nm2, applied
voltage V ) 0.
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In a nanochannel with homogeneous negative surface charge,
σ ) -σ0, the concentration of counterions (K+) inside the
channel is higher than the concentration of co-ions (Cl-) (Figure
1B). In Figure 2A, we compare the exact numerical solutions
for the electric potential from eq 7, with those given by the
DH and PL approximate solutions. The DH approximation
greatly overestimates the potential, while PL approximates
the numerical solution of PB fairly accurately. Radial
concentration profiles for K+ and Cl- (Figure 2B) as
calculated numerically for the PB equations in the middle
of a long channel, correspondingly demonstrate a significant
drop in the concentration difference (C+ - C-) from the
pore walls toward the center. Figure 1B shows the concen-
tration profiles for K+ and Cl- as well as the projection of
the electric field on the z axis. For clarity, the concentrations
and the electric field are shown only in the center of the
pore, at r ) 0. Note that both the concentrations and the
field spread near the edges over a width on the order of
the Debye length, but this width narrows down dramati-
cally for radii r > 0. It is convenient to introduce a pseudo-
one-dimensional approximation with the concentrations
of the counterions, C+(z), and co-ions, C-(z) averaged over
the cross section.

The electroneutrality requirement allows for estimating
the difference between C+(z) and C-(z) within the pore
(0 < z < L) as

∆C(z)) 2

a2[∫0

a
C+(r, z)r dr-∫0

a
C-(r, z)r dr])C+(z)-

C-(z))-2σ(z)
ea

(10)

If σ(z) is constant and negative then ∆C(z) is also constant
but positive. Since outside the pore (i.e., z < 0 and z > L)
both, C+ and C-, eventually approach Cbulk (the fact already

used in deriving the PB equations), the solution of eq 7 at
zero bias is

C(' (z)) exp[-� ′ (z)] (11)

where prime signifies a normalized parameter: each concen-
tration by Cbulk, Ci′ ) Ci/Cbulk and the potential by kBT/e.
Equation 11 allows separate determination of the concentra-
tions of both, the counterions, C>, which are the majority
carriers, and co-ions, C<, minority carriers, inside the pore

{ C>
′ ) 0.5(∆C ′ + CD

′ )

C>
′ ) 0.5(-∆C ′ +CD

′ )

CD
′ ) √∆C′2 + 4

(12)

The average (Donnan) concentration, CD, represents the
total concentration of ions inside the charged nanochannel
at equilibrium. The difference in concentrations inside and
outside the channel is accompanied by a built-in potential
difference, the Donnan potential �D

�D
′ ) ln(C>

′ )) sinh-1(∆C′
2 ) (13)

The existence of the Donnan potential is a consequence
of the 1D approximation, because there is always an effective
potential difference (�Right - �Left) at the point where the
charge density abruptly changes, e.g., the concentration of
positive ions drops from Cright to Cleft

�right -�left )-ln(C+
right

C+
left )) ln(C-

right

C-
left ) (14)

In the case when ∆C . Cbulk, occurring for high enough
surface charge density or/and small pore size, the concentra-
tion of counterions (majority carriers), C> ≈ ∆C, becomes
practically independent of and much larger than the bulk
concentration, Cbulk. At the same time, the co-ions’ concen-
tration, C< ≈ Cbulk

2/∆C, becomes very small and proportional
to the squared bulk concentration. The co-ions are effectively
expelled from the nanochannel; i.e., they are the minority
carriers.

A bias applied between the two sides of the nanochannel
results in ionic flow, i.e., current. We assign zero potential
to the reservoir on the left side of the nanochannel and V to
its right side. The stationary solution is characterized by
steady fluxes of both ions, which we will also describe as
dimensionless parameters, Ji′ ) Ji/D. As we will see below,
their linear combinations are often simpler to deal with and
they are also constant for a stationary solution

{ J′++ J′-)R)-dC′
dz

-∆C ′ d�′
dz

J′+- J′-)-J ′ ) d∆C′
dz

-C ′ d�′
dz

(15)

The ion current through a cylindrical nanochannel then
equals I ) eπa2DJ′Cbulk. The numerical calculations using
the PNP equations were performed (with the help of Comsol
Multiphysics 3.3a/3.4 package) for nanochannels connected
to the cylindrical reservoirs with height of 1 and 1 µm radius
on each edge, whose surfaces were presumed neutral for the
majority of cases.

Figure 2. Radial distributions inside a long cylindrical nanochannel
of radius a ) 4 nm and surface charge density σ ) -0.5e/nm2

with bulk concentration Cbulk ) 0.1 M for (A) the electric potential,
�, calculated using DH approximation (red line), analytical PL
approximation for PB (blue line), and direct numerical calculations
using PB (black line), which practically coincide. (B) Profiles of
K+ and Cl- concentrations.
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Results and Disscusions. Long Channels. Long uni-
formly charged nanochannels are the easiest to start with.
The results of our numerical calculations are shown in
Figures 3-7 and compared with analytical approximations.
Since ∆C′ is constant, from the first equation in the set (15),
one obtains

R)- (C ′ (L)-C ′ (0))
2

-∆C ′ (� ′ (L)-� ′ (0))
L

When d�′/dz is plugged into the second equation and
integrated from 0 through L, the flux, J′, can be expressed
via the potentials and concentrations at the edges

J ′ )- (C ′ (L)+C ′ (0))
2

(� ′ (L)-� ′ (0))
L

(16)

where the following approximation was used: ∫
0

L

C′ dz )
0.5(C′(L) + (C′(0)) . This formula translates into a common
and the simplest approach of treating such problems, the
Goldman constant field approximation.8,9 In the 1D descrip-
tion, it corresponds to a constant electric field, Ez

1 ) d�/dz
) V/L, inside the pore. In the 3D description, the field inside
the nanochannel is represented as the sum of Ez

1 and the
field from the surface charges, Ez

0, obtained from solving
PB without bias. The 1D concentration is then constant inside
the pore and equals CD, resulting in the following expression
for the current

Ichannel ) eπa2DJ ′ Cbulk )
e2πa2D

kBT
V
L

CD

) e2πa2

kBT

D√∆C2 + 4Cbulk
2V

L
(16a)

This equation is fairly accurate for long charged nanochan-
nels (|∆C| > 0), as Figure 6A illustrates, and provides the
exact solution for neutral long channels (|∆C| ) 0) as well.
Long channels in our Letter indicate the channels in which
the Goldman constant field approximation holds true.

One can define the ionic selectivity of a nanochannel as
the ratio of the difference in currents of majority and minority
carriers (I+ - I-) to the total current carried by both
potassium and chloride ions, I

S)
I+- I-
I++ I-

) |RJ′ | (17)

Thus S would be unity for a nanochannel that is perfectly
cation (or anion) selective and S ) 0 would correspond to a
nonselective nanochannel. We looked at ionic selectivity in
0.1 M KCl in nanopores with radii between 1 and 40 nm.
We considered therefore pores with a diameter comparable
to the Debye length as defined by eq 8, as well as much
wider pores (in 0.1 M KCl, k-1 ∼ 1 nm). Figure 3 shows
the selectivity dependence on the nanochannel radius and
the surface charge for long nanochannels, as calculated
numerically from PNP and from the combination of Goldman
and PB approximations. The latter is given for both the PL
solution and the simplest set of eq 12, which yields the
following expression for S

S) ∆C
CD

) 1

√1+ 4 ⁄ ∆C′2
(18)

Both analytical models demonstrate a relatively good agree-
ment with numerical calculations, especially the more
thorough PL approximation.24 As expected, the selectivity
decreases with the pore radius and increases with the surface
charge density. We were, however, surprised by the range
of nanochannel radii, significantly exceeding the Debye
length, for which the selectivity is greater than 0. For
example, S ) 0.2 for the pore radius of a ) 35 nm in 0.1 M
KCl, where the Debye length according to eq 8 is only 1
nm. It appears that, at least for small biases, the Goldman
approximation serves well in long nanochannels where the
nanochannel resistance is the limiting factor. The simple
equation (18) overestimates the selectivity mostly due to the
poor quality of calculating C> and C< using eq 12, mainly
that of the minority carriers, C<. It is also important to
mention that eq 18 shows the ionic selectivity to be a function
of k2a rather than ka, which is often considered a charac-
teristic dimensionless parameter used when describing
electric potential and concentration profiles.24,25

Short Channels. Short nanochannels have a smaller
resistance and the Goldman approximation no longer serves
well. The electrical potential distribution, the concentration
profiles, and the ionic selectivity are very different in short
nanochannels/nanopores compared to their long counterparts.
For the same voltage applied, the electric field is higher in
a short pore than in a long one. Ion concentration profiles
inside a short pore become highly dependent on the applied
voltage, and at high enough fields, the polarization effect
appears at the pore entrances. Figure 4 shows the averaged
concentration profiles for a 128 nm long nanochannel with
4 nm radius and σ ) -0.5e/nm2, at biases between 0 and 5
V. Similar to the situation in long nanochannels, in a short
channel the concentration of the majority carriers (potassium
ions in this case) at 0 V is higher than the value in the bulk,
while the minority carriers (chloride ions) are depleted.
However, these concentrations are no longer steady and both
increase with the bias. The potential barrier for chloride ions
at the entrances diminishes with applied voltage, which
causes their intrusion into the pore.26

The resulting ion selectivity drops with the applied voltage,
as shown in Figure 5A. Clearly, the selectivity declines in

Figure 3. The ion selectivity of cylindrical nanochannels of the
same length (L ) 1 µm) in 0.1 M KCl as a function of (A)
channel radius (σ ) -0.5e/nm2) and (B) surface charge density
(a ) 8 nm): solid black curves, analytical PL approximation
for PB; blue curves, using eq 18; 9, PNP numerical calculations
with 1 V bias.
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short channels faster than in long ones. This fast decrease
of S is especially pronounced in pores of large diameters.
For example, for nanochannels of a ) 4 nm and L ) 4 µm
the selectivity is weakly dependent on the bias. For shorter
channels of the same radius, the selectivity is very strongly
affected by the voltage. When plotted as a function of
“Goldman” electric field, V/L, long nanochannels show the
decline of S at the same electric field of ∼10-3 V/nm (for a
) 4 nm). This field corresponds to Ez

0 at the pore edges
(Figures 1B and 5C) and can be estimated as the Donnan
potential decline over the Debye length

Ec
S ) (V

L )c

S
< k�D ) [2ekBTCbulk

ε0ε ]1⁄2

sinh-1( 2σ
aeCbulk

) (19)

Equation 19 overestimates Ec
S ∼ 37 mV/nm because it

neglects the radial distribution of the field. As the inset in
Figure 5 illustrates, the field is the lowest in the center of
the pore, and its value is at least 10 times smaller than the
average estimate given by eq 19. The DH and PL models
provide a better estimate for the electric field. The calculated
field in the center, ∼10 mV/nm (using DH Eq. (9)) and ∼ 5
mV/nm (PL), is closer to Ec

S of Figure 5. Ec
S defines the

Goldman field at which an excess amount of minority carriers
begins entering the pore. Since �D logarithmically depends
on the surface charge density (see eq 13), the critical field
for the selectivity does not vary significantly with the surface
charge density, as confirmed by numerical calculations.26

Selectivity is not the only parameter that alters with
increasing bias. High voltage increases the ion current
through the pore to an extent where the concentration of
majority carriers is depleted outside the pore and the current
can no longer be sustained by the diffusive flux from the
bulk. Under such conditions, the potential drop occurs not

Figure 4. Ion concentrations and electric potential profiles in a
cylindrical nanopore of length L ) 128 nm, radius a ) 4 nm, and
surface charge density σ ) -0.5e/nm2: (A) concentration of K+,
(B) concentration of Cl-, (C) electric potential, �. Bulk concentra-
tion of KCl is Cbulk ) 0.1 M. All profiles shown are averaged over
the nanopore radius: purple, 0 V; green, 0.1 V; blue, 0.5 V; red, 1
V; cyan, 2 V; black, 5 V.

Figure 5. Ion selectivity dependence on the formal electric field
(V/L) for nanochannels of different lengths with a ) 4 nm in Cbulk

) 0.1 M KCl. The lower inset (A) presents the selectivity
dependence on bias for nanopores of different lengths, from which
the field dependence was calculated. The upper inset (C) illustrates
the z component of the intrinsic field, Ez

0, vs nanopore coordinate,
r, at the nanochannel entrance.

Figure 6. Numerical calculations using 3D PNP for ionic current
and ion selectivity in cylindrical nanochannels as a function of the
length L. (A) Ionic current (red box and black box) for nanochannels
with a ) 4 nm and biases 5 and 1 V, respectively. The dashed
lines show approximations using eq 16a for long nanochannels and
saturation values given by eq 20 for short channels. Empty squares
(0) and triangles (4) show the current calculated using 1 V bias
for PNP-NS equations (0) and PNP with charged reservoir walls
(4), respectively. (B) The ion selectivity of nanochannels with a
) 4 nm at biases 0.1, 1, and 5 V. Results from the PNP-NS model
for 1 V are shown as (0). (C) The ion selectivity at 1 V bias for
different nanochannel radii. (4) PNP with charged reservoir walls,
a ) 4 nm and 1 V bias.

1982 Nano Lett., Vol. 8, No. 7, 2008



only inside the channel but also at its entrance, which is
usually called polarization. The corresponding critical field
can be estimated by evaluating the condition when the second
term in eq 2 can be neglected for the ion drift outside the
channel. The potential drop outside the channel can be
neglected until the concentration gradient near the pore
entrance is small. The highest gradient, 3C ∼ Cbulk/a, defines
the maximum total diffusive flux as 2πa23C and corresponds
to the critical current

Ic
P ∼ 2eπaDCbulk (20)

When the current through the nanochannel, calculated
using eq 16a, exceeds that of eq 20, the drift of ions outside
the channel, or polarization, dictates the ion flow. The
polarization effect appears first as a potential drop near the
entrance accompanied by depletion of the ion concentration
(at a slightly lower current than that given by eq 20), and
then eventually as a saturation of the current (at a slightly
higher value than that of eq 20). The midpoint critical field
for polarization thus is estimated as

Ec
P ) (V

L )c
∼

2Cbulk

C>

kBT

ae
(21)

In charged narrow nanochannels, where C> . Cbulk, the
critical field becomes independent of the pore radius but
inversely proportional to the charge density on the walls

Ec
P ∼

kBT

σ
Cbulk (21a)

For a surface charge density of σ ) 0.5e/nm2, it equals
Ec

P ∼ 3 × 10-3 V/nm. We would like to point to the strong
dependence of Ec

P on the surface charge, in contrast to the
discussed above Ec

S from Eq.(19), which is practically
independent of σ.26 The dependence of Ec

P on the ion
concentration is also much stronger than the concentration
dependence of Ec

S.

The polarization effect is not as apparent in the I-V curve.
Figure 6A illustrates that the current appears linearly
dependent on bias for pores with lengths corresponding to
much higher formal fields, V/L ∼ 10-2 V/nm. Nevertheless,
the polarization is clearly visible in the ionic concentration
distribution for the fields corresponding to eq 21. As Figure
4 illustrates, the voltage significantly drops near the entrance
for majority carriers and the concentrations of ions are no
longer constant throughout the channel. The concentrations
of both ions significantly increase with the bias, and as a
result, the current is sustained at the level close to the value
given by eq 16a for a wider range of voltages.

Equations 19 and 21 do not apply for neutral channels
because the fluxes of positive and negative ions are equal
(∆C is always zero), and the potential profile scales perfectly
for all biases. Thus the polarization effect reduces to a bias
independent resistance, which is often called access or Hall
resistance27

RHall )
F
4a

)
kBT

8e2aDCbulk

(22)

When both nanochannel entrances are included, the current
through a neutral channel can be described as

Ichannel )
V
R
)

2e2DCbulka

kBT( L
πa

+ 1
2)

V (23)

The trend of uniform dependence of the selectivity on the
field persists down to ∼100 nm pore length. Shorter
nanopores with the aspect ratio, 2a/L, smaller than 0.1,
behave differently. For an 8 nm long pore, the ionic
selectivity decreases from S ) 0.46 at 0.5 V to as low as S
) 0.08 at 5 V. Note that the decrease in S is not merely an
effect of high currentsseven at low bias, the selectivity of
short nanopores of the same diameter is lower than the
selectivity of long pores. For example, at 10 mV bias, a
nanopore with a ) 4 nm and length L ) 8 nm has the
selectivity of S ) 0.57, while the 32 nm long nanopore of
the same diameter has the selectivity of S ) 0.74. The
selectivity measured at the same bias eventually saturates,
e.g., for a ) 4 nm it levels off to S ) 0.83 at L ∼ 100 nm
(Figure 6B). For such ultrashort nanopores, where 2a/L >
0.1, the quasi 1D description fails and the problem has to
be evaluated in 3D exclusively.

The Effect of Charged Edges. At biases corresponding to
the electric fields that are greater than or near the critical
field values (see eq 20), ionic flow close to the pore entrances
becomes very important because of the polarization effect.
The shape of the pore entrance and the surface charge
of the membrane surface outside the pore can significantly
affect the polarization. For example, if the membrane’s
surface charge and the charge on the pore walls have the
same sign, the critical current (and the corresponding critical
field) is larger compared to the situation with zero membrane
surface charge (See Figure 6A, triangles). If the membrane
surface has the opposite charge compared to the pore walls,
the critical current decreases. Charged reservoir walls greatly
decrease the polarization effect by “preconditioning” an

Figure 7. Comparison of ionic currents calculated numerically using
PNP and PNP-NS for neutral and charged reservoir walls.
Calculation system: L ) 1 µm, a ) 4 nm, 1 V bias, σ ) 0.5e/nm2.
Black filled squares and black empty squares show ionic current
for neutral reservoir walls without and with electroosmosis,
respectively. Red squares show ion current without and with
electroosmosis for charged reservoir walls.
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enhanced charge concentration of the majority carriers at the
channel entrance. As a result, an ion current plateau is
observed with the decrease of Cbulk, when no such saturation
is observed with uncharged reservoirs (Figure 7). The effect
of charged walls is obviously more pronounced for nanochan-
nels with large surface charge densities. Additionally, at low
biases and/or in longer pores, where the polarization effect
is small, similar saturation of the current at low ionic
concentrations is observed even when the reservoir walls are
not charged.26

The preconditioning effect of charged reservoir walls also
helps in maintaining the concentration disparity between the
majority and minority carriers and thus maintaining a higher
selectivity value even in shorter nanochannels (compare blue
squares and triangles in Figure 6C).

It is experimentally easier to realize a system with the same
charge on the reservoir and the pore walls. As described
above, placing charges on the membrane surfaces extends
the range of nanochannel length where no saturation of ion
currents is observed. Moreover, due to a higher effective
ionic concentration at the pore entrance, values of the
saturation currents are in this case greater than the value
predicted by eq 20.

The Effect of Electroosmosis. Finally, we will consider the
effect of electroosmosis on the transport properties of
nanochannels. Obviously, the Navier-Stokes equation part
in the PNP-NS system of equations causes a significant
complication and makes it virtually unsolvable analytically.
Thus, it is important to appreciate the extent of error one
encounters by reducing PNP-NS to the PNP approximation.
We will presume that the shear plane lies on the walls and
thus the �- potential equals �(a). Figures 6 and 7 demonstrate
that the effect of electroosmosis is visible but small; it is
smaller than the effect of charged reservoir walls. The total
ionic current in long channels is slightly increased due to
the additional contribution from the solvent that carries the
charge difference with nonzero velocity u (see Figures 6A
and 7).

This contribution of electroosmosis for long nanochannels
can be estimated from eq 5 by setting the pressure gradient
to zero. Then the radial velocity profile can be calculated3,24

from the potential distribution

u(r))
ε0ε
ν

V
L

(�(r)-�(a)) (24)

where the gradient of the potential along the velocity (along
the channel) was substituted by the Goldman field, V/L.
Figure 8 illustrates that calculated in this way, u(r) is in good
agreement with the complete PNP-NS numerical analysis.
The current due to electroosmosis, IEOS, can be found by
integrating this velocity profile with the concentration
difference profile, ∆C(r)

IEOS ) e∫0

a
u(r)∆C(r)2πr dr (25)

and is even less sensitive to small imperfections in u(r). IEOS

increases with the increase of the surface charge density on

the walls and the bias. However, for a typical set of
parameters that we used: L ) 1 µm, σ ) -0.5e/nm2, and 1
V bias, it contributes only 20% to the total current. At the
same time, the selectivity is improved as well but more
significantly (see Figure 6A). In shorter nanochannels, the
electroosmotic contribution to the current becomes nega-
tive and also small (<25%), but the selectivity is improved
even more than in the case of longer channels.26 This seeming
contradiction can be rationalized in the following way.
Electroosmosis carries the “frozen” in the solvent ions of
highly different concentrations (∆C) and is superimposed
onto the electromigration, in which the concentrations of both
ions vary with electric field. In shorter channels, the
concentrations of both ions increase with the bias and without
electroosmosis their relative difference (i.e., selectivity)
would decline. Electroosmosis, however, helps maintain the
concentration difference between the positive and negative
charge carriers, thus improving the selectivity and decreasing
the total current at the same time. The electroosmotic
contribution to S can be estimated by adding the solution
velocity from eq 24 to the currents

S)
∆C+

kBTL

eVa2D
∫0

a
u(r)[C>(r)+C<(r)]r dr

CD +
kBTL

eVa2D
∫0

a
u(r)[C>(r)-C<(r)]r dr

> ∆C
CD

(26)

This contribution always improves the selectivity.26

The combination of charged reservoirs and electroosmotic
effects is also easy to interpret. If the reservoir walls are not
charged, the polarization effect limits the total ionic current
and electroosmosis has little effect on the overall current (see
Figures 7 and 6A). Charged reservoir walls reduce the
polarization and provide the ground for an impact of
electroosmosis, even at low ionic strengths. However, the
effect in Figure 7 does not exceed 25%. The contribution of
electroosmosis is higher for larger nanochannel radii.

Conclusions. In this Letter, we have analyzed the depen-
dence of the ion current and selectivity in a single nanochan-
nel on the channel’s length and diameter, electrolyte con-
centration, applied bias as well as the surface modification
of the channel walls and the reservoirs. A charged nanochan-
nel can serve the function of ionic filter, characterized by
the selectivity (eq (17), within a broad range of these

Figure 8. Comparison of solution velocity inside the nanochannel
with L ) 1 µm, a ) 4nm, σ ) -0.5e/nm2 with 1 V bias: red line,
numeric (PNP-NS) solution; black line, the estimate using eq 24
with �(r) calculated from the PL analytical model.
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parameters. For achieving the greatest ionic selectivity close
to 1, the channels should possess not only a very small
diameter (and highly charged walls) but also have to be quite
long. Even for nanochannels with a 4 nm radius, in
physiological ionic buffers and 1 V bias, the maximum
selectivity value is reached only for lengths greater than 1
µm.

Our analysis points to a significant dependence of ionic
selectivity on the applied bias, especially for short pores. A
large applied voltage can dramatically decrease the perfor-
mance of ionic filters. Nevertheless, even in ultrashort
nanopores with an aspect ratio close to 1, high selectivity
can be observed at low biases.

A one-dimensional approximation of PNP explains rea-
sonably well both the current, eq 16, and the selectivity, eq
18, in nanochannels with high aspect ratio. Shorter nanochan-
nels and increased biases cause a departure from that
behavior and can be characterized by the critical electric
fields Ec

S (eq 19) and Ec
P > Ec

S (eq 21) for the onsets of the
ion current saturation and polarization effects. Both phe-
nomena emphasize the importance of the edge effects in the
short nanochannels’ performance. Charge modification of the
reservoirs preconditions the ion distribution at the edges and
slightly improves the nanochannel performance toward
shorter nanochannel lengths.

Electroosmosis has a very small effect on the total current
through nanochannels, but it causes a significant improve-
ment in the ion selectivity, especially in short nanochannels.
The effect can be often neglected in qualitative analysis,
especially in long nanochannels and diodes, where the flow
of solution is negligible.
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